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Abstract—Ordering has been extensively studied in many visualization applications, such as axis and matrix reordering, for the simple
reason that the order will greatly impact the perceived pattern of data. Many quality metrics concerning data pattern, perception, and
aesthetics are proposed, and respective optimization algorithms are developed. However, the optimization problems related to ordering
are often difficult to solve (e.g., TSP is NP-complete), and developing specialized optimization algorithms is costly. In this paper, we
propose Versatile Ordering Network (VON), which automatically learns the strategy to order given a quality metric. VON uses the
quality metric to evaluate its solutions, and leverages reinforcement learning with a greedy rollout baseline to improve itself. This keeps
the metric transparent and allows VON to optimize over different metrics. Additionally, VON uses the attention mechanism to collect
information across scales and reposition the data points with respect to the current context. This allows VONs to deal with data points
following different distributions. We examine the effectiveness of VON under different usage scenarios and metrics. The results
demonstrate that VON can produce comparable results to specialized solvers. The code is available at https://github.com/sysuvis/VON.
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1 INTRODUCTION

O RDERING is a key ingredient in visualization ap-
proaches, as the order of entities in visualization may

greatly impact the perceived patterns, leading to different
understandings of data. Therefore, ordering has been stud-
ied in many visualization scenarios. For example, axis re-
ordering has gained considerable attention in visualization
with multiple axes, such as parallel coordinates [4], [75], star
coordinates [41], and Radviz [23]; branch ordering is studied
in river-like visualization techniques [14], [21], [22]; row and
column reordering is studied in matrix visualization [10],
[48], [76]; and, images ordering is studied in large image
collection visualization.

The ordering techniques seek to address two central
questions: What is an ideal order (quality metric), and how
to achieve the ideal order (solver)? Many quality metrics are
proposed to evaluate the order of visual elements in various
applications, and respective solvers are developed to opti-
mize the order for best quality. For example, GUIRO [10]
incorporates 16 quality metrics for matrix representation
and 70 reordering algorithms. Although the reordering al-
gorithm often shares similar components (e.g., swapping
elements), designing algorithms for individual metric still
consumes a significant amount of research effort. This leads
to our question: Given an arbitrary quality metric, can ma-
chines learn to solve the ordering problem by themselves?
By answering this question, we may free the visualization
researchers from designing solvers, and allow them to focus
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on perception and analytic tasks, which may not be tackled
solely by machines.

Reinforcement learning can leverage the quality met-
ric to evaluate solutions and improve the solver without
understanding the problem structure, which is suitable in
our scenario. In theoretical computer science, reinforcement
learning has been applied to similar problems [47], [61], but
the existing approaches still leave the following challenges
open in visualization:

C1. Generalizability across quality metrics. The prob-
lem structures and factors to consider may vary across
metrics. As shown in Fig. 1, the linear route structure is en-
forced by the traveling salesman problem (TSP), which only
evaluates the distance between neighboring data points. In
contrast, stress considers all pairwise relationships between
points, leading to a significantly different problem structure
of a complete graph. We expect that the problem structure
can be more different when it comes to perceptual or
aesthetic metrics. This requires the network to be able to
incorporate different kinds of information.

C2. Transferability across data distributions and scales.
In visualization, the data items being ordered may be dy-
namically generated during interaction. For example, when
visualizing a collection of dog images, as shown in Fig. 1,
users may view images from the entire space (A), they may
view the images of a certain breed of dogs (B), or they may
explore images similar to a specified one (C). The images
in (A), (B), and (C) correspond to different distributions,
exhibiting different point cloud structures and requiring
different ordering strategies.

C3. Efficiency. The solver should produce the order in
real time, especially if it is used in an interactive system.
It should enhance development efficiency by minimizing
the effort required to develop specialized algorithms for
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different metrics or data distributions.

Fig. 1. Challenges in learning to order across scales and quality metrics:
C1. The images in (A), (B), and (C) may span different regions in space
and exhibit different point set structures. C2. The quality metrics may
enforce different problem structures, as indicated by the graphs on
the right. TSP enforces a linear route structure, while stress considers
a complete graph between points. The different scales of points and
quality metrics may require different ordering strategies to be learned.

In this paper, we propose Versatile Ordering Network
(VON) to tackle the above challenges. VON is a set-to-
sequence network that consumes a set of data points and
produces a sequence (order). It is trained via reinforcement
learning with a given quality metric as the loss function.
Note that VON only uses the quality metric as a black box
to evaluate the ordering results without explicitly under-
standing the problem structure. This allows VON to apply
on arbitrary quality metric ( C1). In addition, VON leverages
the attention mechanism to collect information about global
structures from all points and the local neighborhood of
the ordering front. It also enables the message passing
between all nodes, including the ordered and unordered
nodes. Therefore, it can adapt to various kinds of underlying
data patterns and quality metrics ( C1). To order data points
with different scales and spatial locations, VON is also
equipped with a specially designed repositioning module.
This module can be considered a learnable normalization
operator that removes the location, orientation, and scale
information so that the network can focus on the structure of
data, especially the local neighborhood around the ordering
front. The repositioning module allows the learned ordering
strategy to be applied to points at unseen locations or
scales (C2). This enables VON to order data items during
interaction without further updating in most cases ( C3).

We examine the performance of VON under two scenar-
ios: First, ordering a subset of a large collection of data items
with a given quality metric. This may apply to interactive
visualization, such as �ltering a large image collection.
Second, ordering a given set of points according to a given
quality metric. Axes reordering and matrix reordering are
examples of this scenario. We comprehensively evaluate
the performance of VON across metrics, data scales, and
distributions with extensive experiments involving twelve
datasets, twelve sampling strategies, thirteen baselines, and
eleven metrics.

Our contributions are as follows. First, we propose a
novel ordering network that can be used across tasks, ob-
jectives, and data distributions. By leveraging the power
of reinforcement learning and a greedy rollout strategy,

the network can automatically learn ordering strategies to
improve itself. Second, we propose a conceptual framework
for ordering and provide several realizations to implement
the conceptual model. In particular, we design a reposi-
tioning module that automatically learns to place the data
points in the current ordering context. This can be seen as a
learnable nonlinear transformation that removes the infor-
mation irrelevant to the structure, improving transferability.
In addition, we conduct extensive experiments to examine
the effectiveness and robustness of our method.

2 RELATED WORK

The ordering problem has been studied in the visualization
from two aspects: how to design visual quality metrics for
ordering, and how to achieve the optimal ordering given
a metric? Our approach is more closely related to the ap-
proaches in the second category. It aims to develop a generic
solver that automatically learns how to optimize the order
based on a quality metric de�nition. However, it does not
study whether the quality metric will enhance perception or
improve task performance in analytics. In this section, we
discuss the techniques across various ordering applications
in visualization: such as axis reordering, branch ordering,
and matrix reordering. We also review the ordering tech-
niques in theoretical computer science, with an emphasis
on the learning-to-rank approaches. For the visual quality
metric design, We refer the readers to the surveys [8], [9],
[52], as they are less relevant.

Image ordering. Image ordering is often modeled as
a 1D-grid arrangement problem. For example, SOM [46]
learns the low-dimensional representations, SSM [72] ar-
ranges items based on position swapping, and LDG [30]
uses local search. Kernelized sorting [24], [67] models
the arrangement as a quadratic assignment problem. Iso-
Match [31] uses the Hungarian algorithm for optimal match-
ing between Isomap embedding and target grid points.
DS++ [27] introduces a convex quadratic programming re-
laxation for the matching process. LAS/FLAS [7] designs a
distance preservation metric based on neighborhood preser-
vation and employs linear assignment ordering.

Axes reordering in visualization. Axes ordering aims
to enhance patterns revealed by visualization with multiple
axes, such as parallel coordinates [43] and star coordies [57],
etc. These approaches often design a metric to guide the
ordering optimization. For example, Peng et al. [64] reduced
glyph clutter by considering monotonicity and symmetric-
ity, and Artero et al. [4] arranged the axes based on their
similarity. Tyagi et al. [75] introduced twelve local proper-
ties with customizable weights to order axes for parallel
coordinates. For star plots, shape similarities of contours
are often considered [3], [33]. For interaction, SMARTex-
plore [11] simpli�ed the analysis of high-dimensional data,
and RankAxis [53] is designed to order multiple attributes.

Branch ordering in river-like visualization. 2D River-
like visualizations (e.g., streamgraphs, ThemeRivers, story-
lines) often use one dimension to represent time evolution
and arrange branches in the other dimension to encode
their relationships. Byron and Watternberg [15] formalized
a series of aesthetic criteria for streamgraphs. Di Bartolomeo
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et al. [21] swapped the layers in a streamgraph to re-
duce the wiggle value, and Bu et al. [14] introduced Sint-
tream to enhance readability.Zhang et al. [88] adapted 3D
stream surfaces to 2D, preserving inter-branch distances.
For storytelling, sequence ordering is guided by logical
structures [70], user intentions [74], and minimizing edge
crossings [22].

Matrix reordering. The data topology revealed by matrix
representation depends on the order of nodes. However, re-
ordering nodes often involves various factors [76]. Behrisch
et al. [10] proposed GUIRO to enhance the transparency of
matrix reordering algorithms. Users can explore the permu-
tation space with 70 reordering algorithms and 16 quality
metrics, viewing matrix rows or columns as 2D paths on the
screen. Van Beusekom et al. [76] simultaneously ordered a
collection of matrices by maximizing their Moran's I. The
desired order is derived from the solution of TSP, which can
be approximated by nearest neighbor heuristics. Kwon et al.
[48] use an autoencoder to capture order patterns, enabling
the exploration of matrix reordering results of 27 algorithms.
Al-Naami et al. [2] investigated how orderable node-link
layouts enhanced the visual saliency of graph clusters, by
assessing the impact of factors such as graph layout and
node ordering methods on the accuracy and completion
time of cluster count judgments.

Other applications of ordering in visualization. Or-
dering is studied in other visualization scenarios as well.
For example, in volumetric visualization, Frey et al. [29]
ordered 2D curves based on their shape similarities us-
ing self-organization map. Weiss et al. [83] used the 1D
Hilbert space-�lling curve to linearize a volume and Zhou et
al. [89] proposed a data-driven space-�lling curve based on
Hamiltonian paths. Dobler et al. [25] proposed a TSP-based
algorithm to compute linear diagrams. Fuchs et al. [32]
explored how to reveal topological patterns in BioFabric
visualizations by proposing combinations of various quality
metrics and ordering strategiessy. Nate et al. [60] proposed a
Hilbert reordering scheme to reduce the memory consump-
tion of trees in smooth particle visualization. Instead of the
metric-based optimization, ranking approaches often em-
phasize the user involvement to weight multiple attributes
for decision-making, such as ValueCharts [16], LineUp [37],
WeightLifter [63], Podium [80], FairSight [1], SRVis [84],
FairFuse [71], and RankAxis [53]. We refer the readers to the
original papers for details as this direction is less relevant.

Ordering in theoretical computer science. In theoretical
computer science, ordering is often studied in the form of
traveling sales problem or Hamiltonian circle. Both prob-
lems are proved to be NP-complete without ef�cient deter-
ministic solvers. Conventional approaches are often natural-
inspired. For example, Dorigo et al. [26] proposed the Ant
Colony System, an algorithm with multiple agents (i.e.,
ants). Ants cooperate by depositing information on edges
to build solutions. Chen et al. [18] revealed the relationship
between ranking measures and loss functions in learning-
to-rank methods.

Set-to-sequence in machine learning. Set-to-sequence
approaches [44] generate sequences from unordered data
points, often driven by the need for permutation invari-
ance. These approaches are often equipped with a set-
input encoding module for sequence predictions, including

RNN [73], reinforcement learning [6], and transformer [12],
[20], [78]. Transformers, especially those like Set Trans-
former [49] and Pointer Network [79], are increasingly pop-
ular for ranking and selection tasks due to their attention
mechanisms. For solving the TSP, transformers often frame
route construction as a set-to-sequence learning task [19],
[34].

Recent approaches use neural networks to learn ordering
strategies [47], [66], which are similar to our work. Kool et
al. [47] combined graph attention network with reinforce-
ment learning for solving routing problems. Their approach
maintains a hidden status of currently ordered nodes and
outputs the next one. Other approaches may explore ren-
dering in different scenarios, such as text ranking using
CNNs [69] and attention mechanism [81], and document
and image tretrieval [38], [68], item ranking [50], [65], and
heterogeneous data ordering [51].

Connections and comparisons. Our approach differs
from the ordering techniques in visualization, as it aims
to provide a quality metric-agnostic solver to optimize the
order of data items. Therefore, instead of identifying an ideal
metric that enhances human perception, our approach fo-
cuses on how to optimize the order given any quality metric.
This allows visualization experts to focus on the criteria that
lead to an ideal order without spending additional effort to
design a solver for achieving those criteria.

In comparison to the learning-based techniques for or-
dering, such as [47], [65], [66], our approach emphasizes
the generalizability across metrics, data distributions, and
data scales. This is particularly important for visualization
systems: the ordering criteria may vary across applications,
and the data points involved in the interaction are likely
to exhibit different distributions, as shown in Fig. 1. The
existing learning-to-rank approaches may be less effective
in visualization scenarios, as they often assume the same
distribution for point sets being ranked. In contrast, our
framework is equipped with a novel repositioning module
that allows the network to focus on structural information
that can be transferred between distributions.

3 VERSATILE ORDERING NETWORK

We design versatile ordering network (VON) for learning to
order data items with an arbitrary quality metric. Instead of
designing a specialized algorithm to optimize for the quality
metric, VON uses the quality metric to evaluate different
orders of sample points, so that it can automatically learn
effective ordering strategy for that speci�c metric.

Overview. The overarching framework is shown in
Fig. 2. The data are fed into a set-to-sequence network,
that converts input sample points into an output order.
The output order is evaluated by the quality metric and
compared against the best-observed order. The difference in
order quality is computed and used to update the network.
This reinforcement learning procedure forces the network to
improve itself and produce better order quality. Please refer
to Section 3.1 for details.

The network uses an encoder-decoder architecture. The
encoder converts the data points from their original space
to a latent space for ordering. The decoder takes the points
in the latent space, and outputs the points one by one. At
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each step, the decoder computes the context of the current
ordering status and selects one unordered point for output.
Please refer to Section 3.2 for details. In this section, we will
start with the notation and technical background. Then, we
will introduce an abstract framework and explain how the
conceptual modules are realized.

Fig. 2. An overview of VON work�ow. The upper diagram illustrates
the overarching framework and training process of VON, and the lower
shows example data and ordering applications in visualization.

3.1 Notation and Background

This section introduces the notations and brie�y explains the
greedy rollout strategy, which is the core of our optimization
framework. For other key techniques, such as the attention,
multi-head attention (MHA), and the detailed optimization
procedure, please refer to Appendix A.

Notation. As shown in Table 1, we denote the input
set of data points as f x i g and an individual point as x i .
Similarly, we denote the set of hidden encodings at a layer
as f h i g and the encoding of an individual point as h i . We
denote the order of a sequence as� = f � 1; � 2; � � � ; � n g,
where each element � t indicates the t-th data point in the
ordered sequence. In general, we use the superscript to
indicate the ordering step, and the subscripts to indicate
speci�c instances. For subscripts, we use i and j to denote
indices of points, o to denote all ordered points, and c to
denote the ordering context (considering the ordering front
and all ordered points). We use square brackets to denote
the concatenation of multiple vectors. For example, [h i ; h j ]
indicates the concatenation of h i and h j .

Greedy rollout strategy. At the core of our learning
procedure is the greedy rollout strategy in reinforcement
learning [86]. This strategy simulates the greedy selection of
most likely data points through a sequence of steps, so that
the model can ef�ciently learn the optimal solution from
multiple greedy actions. Our optimization minimizes the
expected loss by comparing the current model with the best-
performing model, which is regularly updated to ensure
consistent performance. To stabilize training, we freeze the
baseline model's parameters for a certain number of epochs,
similar to DQN [58]. Please refer to Appendix A for details.

TABLE 1
Notation used in this paper. The superscripts correspond to the

ordering step, and the subscripts correspond to speci�c instances.

notation meaning

i , j indices of data points

x i , x j input data points

h i , h j hidden encodings of data points

�h the hidden encoding for all data points being ordered

t the ordering step where t points are already ordered

h t
o the hidden encoding of the already ordered points at step t

h t
c the hidden encoding of the current ordering context at step t

� t the output data point at step t

[h i ; h j ] the concatenation of two hidden encodings h i and h j

att( h i ; h j ) the attention between hidden encodings h i and h j

3.2 Conceptual framework

VON produces the order by sequentially outputting the data
points, one at a step. As shown on the left of Fig. 3, VON
considers both the overall structure of all input data points
(gray area) and the structure of the previously ordered
points (light red area). In particular, VON emphasizes the
most recent order point (the red circle) in the ordered nodes.
By stitching these three kinds of information, VON forms
the context of the current ordering status (the dashed rect-
angle centering at the red circle). Finally, given the current
context, VON determines the next data point to output.

The conceptual framework is illustrated on the right of
Fig. 3. Note that the detailed network structure is omitted
in this illustration, as we would like to focus on the data
�ow and the goal of each module. VON consists of an
encoder and a decoder. The encoder transforms the input
data points f x i g into high-dimensional latent vectors f h i g
for ordering. The overall structure of points �h is obtained
through a common practice by averaging the latent vectors
of individual points [55].

The decoder takes in the latent vectors of individual
points f h i g and the overall description �h and output one
point at a step. At each step t , the decoder executes the
following modules to identify the next point to output:

� The context computationmodule updates the ordering
context based on the information of the already or-
dered points h t

o, together with the individual points
f h i g and the overall structure �h . The context com-
putation merges these pieces of information into a
single vector h t

c, describing the entire context to pick
the next point.

� The repositioningmodule repositions the latent vector
of each point h i with respect to the current context
h t

c. This can be considered as a learnable operator
that normalizes the point coordinates based on the
current context, as indicated by the red dashed rect-
angle in Fig. 3. It allows similar ordering strategies to
be applied to points at different locations and scales.

� The matchingmodule evaluates the reposition points
h t

i given the context h t
c. Each point is assigned a
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Fig. 3. The conceptual framework of VON. The left part shows the information considered in determining the next data point. The right part shows
the data �ow and the conceptual network modules. Note that the conceptual modules can be realized with various implementations.

probability pi of being the next point in the sequence.
The point with the largest probability will be the
output � t at step t .

At the end of step t , the hidden encoding of ordered points
h t +1

o will be updated accordingly. By repeating this proce-
dure, the decoder will produce the entire sequence. After
the entire sequence is generated, the quality metric will be
applied to evaluate the sequence and guide the optimization
of VON. This forces the VON to look forward and avoid
greedy solutions, as the reward is evaluated on the complete
sequences instead of at each step. In the following sections,
we will discuss the potential realizations of each module.

Fig. 4. The encoder network structure. Each attention layer ( ) consists
of a multi-head attention layer (MHA ) and a feed-forward layer (FF ).
Data points interact with each other through the MHA layer. The dashed
arrows indicate skip connections.

3.3 Encoder

The encoder should transform the input space into a latent
space that is appropriate for ordering. As ordering multiple
data points should fully consider their relationships, we
use the attention mechanism from the transformer [78] to
capture the interactions among points. As shown in Fig. 4,
the encoder is a stack of multiple attention layers (yellow
boxes), where each attention layer consists of a multi-head
attention (MHA, blue box) layer and a feed-forward (FF, red
box) layer.

Note that, unlike the original transformer [78], we do
not incorporate the positional encoding, as the input point

set is expected to be unordered. We should also note that the
conceptual encoder can be realized by any other approaches
that consider the joint structure formed by the data points
as well. The alternative choices include the graph con-
volutional network and various kinds of message-passing
networks. In addition, while VON expects the coordinates
of points as the input, it may still handle the data points
without intrinsic coordinates. Please refer to Section 3.5 for
details.

3.4 Decoder

At each step, the decoder computes the context of the
current ordering status, repositions all points to this context,
and matches up the points with the context to identify
the next point in the ordered sequence. In this section, we
will explain the realizations of the conceptual modules, i.e.,
context computation, repositioning, and matching modules.

Context computation. The context computation aggre-
gates information of the overall structure �h , individual
points f h i g, and the already order points h t

o at step t .
Similar to the encoder, we use the attention mechanism for
incorporating the interactions among multiple entities:

h t
c =

X

i

att c([ �h; h t
o]; h i ) � valc(h i ); (1)

where att c and valc form the attention module in context
computation.

This module updates the context using both the or-
dered and unordered data points, for fully considering the
structure formed by all points and coping with various
quality metrics ( C1). This is necessary for quality metrics
involving pairwise computation (e.g., the stress in 1D stress
majorization). However, for the quality metrics where only
consecutive points in the resulting sequence are evaluated
(e.g., path length in TSP), the ordered points may be ignored
when updating the context. In addition, by using all points
to update the context, we �nd that it is safe to concatenate
the �rst point and the most recent point for representing the
ordered nodes, i.e., h t

o = [ h � 1 ; h � t � 1 ].
Repositioning. The repositioning module aligns the in-

dividual points to the current ordering context h t
o. Concep-

tually, this can be expressed as a function that given the
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latent vector of a point h i and the context h t
o, produces the

corresponding repositioned vector h0
i . While we rely on the

attention mechanism to aggregate information in most of the
modules, we examine different realizations for this module,
as the performance of different network structures is not
fully known for repositioning. Speci�cally, we experiment
with the following structures:

First, an attention-basedrealization. This realization at-
taches the latent representation to the ordered points using
two attention layers:

h0
i = att 1(h t

o; h t
c) � att 2(h t

o; h i ) � h t
o + h i : (2)

In this process, we consider two major factors in weighting
the ordered points h t

o: what are the connections between
the current ordering context and the already points (i.e.,
att 1(h t

o; h t
c)), and what are the relationships between each

data point and the ordered ones (i.e., att 2(h t
o; h i )).

Second, anmulti-layer perceptron (MLP)-basedrealization.
This realization can be expressed formally as:

h0
i = MLP([ h t

c; h i ]): (3)

This means that we will transform the latent h i by jointly
considering the context h t

c. Note that MLP may not be used
solely to realize other modules, as it does not scale well with
varying numbers of input data points. For repositioning, we
mainly consider the interactions between individual points
and the context. Therefore, MLP can be suf�cient as it blends
the different dimensions in the two vectors and allows them
to fully interact with each other for capturing both local and
global information. In our implementation, we use a two-
layer MLP with ReLU activation.

Third, a convolution-basedrealization. The convolutional
module transforms the latent representations with the fol-
lowing formula:

h0
i = Conv([ h t

c; h i ]) =
X

k

W � [h t
c; h i ]k + b; (4)

where k represents a channel in convolution and “ � ” is
the valid cross-correlation operator. The convolution-based
realization is similar to the MLP-based one, as they both
concatenate the two vectors so that different dimensions
can fully interact. Instead of stacking multiple layers of
networks to approximate complex transformations, the con-
volutional module aggregates information collected from
multiple channels. The effectiveness of these three varia-
tions will be examined in our experiments. Please refer to
Section 4 for details.

Matching. The matching module produces a probability
for each point, indicating how likely will the point be se-
lected to be the next output. To incorporate the relationships
among data points, we use two MHA layers for this mod-
ule. We explicitly removed the previously ordered points
from being selected by setting their probability to negative
in�nite. Note that the matching module does not evaluate
the points using the quality metric explicitly. Instead, it
learns the matching criteria guided by the metric as the loss
function.

3.5 Data preparation

The input of VON is a set of data points of the same number
of dimensions. For points in Euclidean space (i.e., 2D or 3D
point clouds), it is straightforward to use their coordinates
as input. For points without intrinsic coordinates, the input
may be derived with the following strategies:

Distance-based initialization . If a distance metric is
available, we may compute the distance matrix to form
the input. For example, for graph data, the graph distance
between nodes may be used. In this way, each row/column
corresponding to a data point can be used as its coordinates.
An alternative choice is to use embedding methods (e.g., t-
SNE) to embed the points into an Euclidean space based
on the distance metric. This strategy may be applied to
graph data and axis reordering, where similarities between
coordinates are often de�ned. Note that VON can tolerate
less ideal input as its encoder will reshape the input space.
Therefore, the input does not need to be perfect, as long as
the data points are distinguishable.

Deep representation-based initialization . We may use
deep representation approaches to embed the data points
into latent space. For example, we may use an autoencoder
for images, a graph representation network for graphs,
and multi-layer perceptrons (MLPs) for data points with
attributes. As pretraining becomes a common technique,
latent embeddings are often available for various kinds of
data. In our experiment, we use the deep representations
of three image datasets (i.e., CIFAR-10, FashionMINST, and
ImageNet) and one scholarly dataset (i.e., CORA).

4 EVALUATION

In this section, we evaluate the performance of VON under
different experimental settings. We �rst use an ablation
study to determine the best instantiation of VON and exam-
ine the effectiveness of each module. The best con�guration
of VON will be used for the remaining experiments. For
these experiments, we consider two scenarios: ordering ran-
domly selected points and ordering �xed data points. The
�rst scenario is suitable for ordering data points that may
be repeatedly sampled from the same distribution multiple
times, e.g., ordering images interactively selected from a
collection. The second scenario mimics the applications such
as matrix reordering and axis ordering. For the �rst scenario,
we consider eight baselines, six metrics, six datasets, four
sampling strategies, and three sampling sizes, leading to
1059 setsof experiments for a comprehensive evaluation.
For the second scenario, we compare VON with baselines in
axes reordering and matrix reordering. For axes reordering,
we consider four baselines and four datasets; and, for ma-
trix reordering, we consider eight baselines, two dynamic
datasets, and �ve embedding approaches. Please refer to
Section 4.1 and the Appendix for detailed settings.

4.1 Experimental settings

This section lists the datasets, methods being compared,
and quality metrics used in our experiment. Note that for
datasets without coordinates, embedding approaches are
used. The embedding approaches being studied are also
listed. More details can be found in the Appendix. In this
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section, we explain our sampling strategies, as they are
closely related to our experiment.

Datasets. We experiment with twelve datasets, including
six datasets with data points in respective latent embedding
spaces (i.e., Fashion-MNIST, MNIST, CIFAR-10, ImageNet,
CORA, and DBLP), four high dimensional datasets (i.e.,
Coal Disaster, Cars, AAUP, and Census Income) and two
dynamic graph datasets (i.e., FLT and SCH).

Methods compared. We compare VON against three
generic approaches (i.e., attention model (AM) [47], simu-
lated annealing (SA) [36] and nearest neighbor (NN) [35]),
four specialized methods for images reordering (i.e., Iso-
Match [31], Kernelized Sorting (KS) [67], LAS and FLAS [7]),
one specialized method for axes reordering (i.e., random
swapping), and four specialized algorithms for matrix re-
ordering (i.e., C-LO- � I , U-LO- � I , C-BC and U-BC [76]).

We choose the baseline algorithms considering their tar-
geted problem structures, usage scenarios, and popularity.
For the generic solvers, SA [85] is widely applicable, as it
does not assume any speci�c problem structure; NN [35]
simulates the most common strategy in ordering by se-
lecting neighboring/similar nodes; and AM [47] allows us
to examine performance against the SOTA learning-based
approach. For the specialized solvers, SM [28] optimizes the
stress, a general function modeling the pairwise relation-
ships between points; and other baselines are selected from
typical visualization applications, including image ordering,
axis reordering, and matrix reordering. Please see Appendix
B for detailed explanations of the baselines and their setup.
We believe these approaches cover representative problem
structures and usage scenarios.

Quality Metrics. Various kinds of quality metrics have
been proposed to evaluate the quality of ordering results in
terms of preserving structures, perception, and aesthetics.
In this experiment, we study two quality metrics for the
1D layout problem (i.e., the traveling salesman problem
(TSP) distance and the stress in stress majorization), three
metrics (i.e., distance preservation quality (DPQ), energy
in IsoMatch, and kernelized sorting objective) for images
reordering, two metrics (i.e., symmetry and correlation) for
axes reordering, and four metrics (i.e., Moran's I, Linear
Arrangement (LA), pro�le (PR), and bandwidth (BW)) for
matrix reordering.

Embedding methods. When the coordinates of data
points are not available in a dataset (e.g., the SCH dataset),
an embedding approach is needed to produce the coordi-
nates. We examine the impact of �ve embedding approaches
with distinct characteristics, namely, principal component
analysis (PCA), truncated singular value decomposition (T-
SVD), autoencoder (AE), Isomap, and locally linear embed-
ding (LLE).

Sampling strategies. Four sample strategies are used to
resemble dynamic behaviors during interaction and exam-
ine the performance across scales. The four strategies are:
1) the global sampling (`g') that randomly samples from
all points; 2) the nearest neighbor sampling (local-`n') that
samples the nearest points of the speci�ed number; 3) the
radius-based sampling (local-`r') that randomly samples
the points within a given radius of a speci�c point; and, 4)
the label-based sampling (local-`l') that randomly samples
points with a speci�c label. The strategy `g' mimics the be-

havior of browsing the entire collection, `n' and `r' emulates
the behavior of scanning items similar to a selected one,
and `l' corresponds to reviewing items of the same category.
Based on the �ndings and experimental settings in [2], [39],
[43], [56], [57], [62], three sampling sizes: 50, 100, and 150
are considered for each sampling strategy. Please refer to
Appendix B for details.

We further denote a model that is �rst trained with
global samples and then with the local samples as “gl”, and
a model trained with local samples and then global samples
as “lg”. For example, “50gl” indicates that the model is
trained with 50 global samples and then 50 local samples.
We denote a model trained with global and local samples
in random orders as “mix”. These settings will be useful in
discovering the detailed behavior of models in transferring
knowledge across scales and distributions. Please note that
for each setting, we have the same number of global and
local samples.

4.2 Ablation study

In the Ablation study, We �rst examine the performance
of the three variants of VON and the impact of sampling
strategies that produce the training data. Then, we study the
individual impact of each key module in the best variant.
The three variants are VONs based on attention mechanism
(VON-a), MLP (VON-m), and convolution (VON-c), corre-
sponding to Eq. (2) to Eq. (4), respectively.

TABLE 2
Ordering performance using Fashion-MNIST dataset and TSP quality

metric. The content in the parentheses following a model name
denotes the sampling strategy used to train that model. I. Comparing

models trained with point sets of 50 points. II. Comparing VON-m
models trained with different point sets of different sizes and scales. III.

Comparing models with mixed-scale sampling strategies.

50g 50l 100g 100l 150g 150l

VON-a(50g) 608.1 349.7 920.8 639.4 742.7 826.3
VON-a(50l) 1024.3 246.0 1312.3 448.1 609.3 693.6

VON-m(50g) 588.3 183.3 879.8 357.1 504.5 540.5
VON-m(50l) 635.9 177.6 940.1 343.8 488.6 526.1

I VON-c(50g) 674.4 229.3 965.7 433.9 616.5 658.9
VON-c(50l) 663.8 212.4 1030.4 408.5 566.7 605.3

AM(50g) 616.6 427.3 1018.7 1087.9 1759.5 2007.4
AM(50l) 677.8 229.1 1083.8 445.2 605.4 680.3

VON-m(100g) 599.5 185.7 954.9 357.6 515.3 563.5
II VON-m(100l) 635.5 182.3 971.5 320.9 531.0 563.9

VON-m(150g) 751.0 208.3 1113.9 400.7 487.9 541.6
VON-m(150l) 698.8 193.5 1220.7 386.2 581.0 538.2

VON-m50mix 614.0 217.8 919.8 402.6 545.9 590.9
VON-m(50gl) 609.5 199.6 941.6 379.2 540.4 590.9

III VON-m(50lg) 694.0 180.7 1077.3 357.2 558.4 592.9
AM(50mix) 693.4 462.0 1003.1 1003.6 1010.2 1474.4
AM(50gl) 689.2 402.3 1128.3 1057.2 1403.7 1628.2
AM(50lg) 2150.1 260.3 2373.9 620.1 951.7 1025.0

Identifying the best VON variant. Table 2.I shows the
results of VON-a, VON-m, and VON-c, together with the
results of AM for reference. Each model is trained with two
sets of training data (i.e., 50g and 50l). We do not create
training data with multiple sampling strategies to reduce
the undesired impact of sampling strategies.

We can see that VON-m outperforms the other models
in every case, especially in terms of its transferability across
scales. We �nd that VON-m(50l) (trained on local data)
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outperforms the other models on the global data 100g,
and VON-m(50g) (trained on global data) delivers smaller
distances than the other models on the local data 100l.

In contrast, VON-a and AM show a clear performance
decline on testing data at different scales. For example,
VON-a(50l) results in large distances in 50g and 100g tests.
This indicates that the attention mechanism is less effective
in repositioning the points with linear combination. AM's
performance drop is even more notable, as it does not
incorporate any mechanism to transfer knowledge across
scales. For example, AM(50g) decreases from 616.6 in 50g
to 1759.5 in 150g. Therefore,in the remaining experiments, we
will use VON-m as our model and compare it with other models.

Additionally, we discuss the sampling strategy in detail
and examine the impact of each module. Please refer to the
Appendix C.I for details.

4.3 Performance for Ordering in Dynamic Scenario

We conduct extensive experiments to examine the perfor-
mance of the best variant of VON (VON-m) in a dynamic
scenario, where the point sets are sampled from a large
collection for visualization. Speci�cally, for general ordering
task using both the image and scholarly data, we compare
VON with eight baselines with different characteristics: AM
(learning-based), SA (naturally inspired), NN (heuristic),
SM (specialized for the stress metric), using three quality
metrics with different problem structures: TSP (linear route),
stress (complete graph), and Moran's I (distance matrix).
Additionally, for image ordering, we further consider four
baselines (LAS, FLAS, IsoMatch, and Kernelized Sorting)
with their respective objectives as optimization goals. We
perform 1059 sets of experiments on six datasets. Each set of
experiments is performed on 100 groups of testing points to
deliver stable results.

4.3.1 Quantitative performance

In this section, we �rst discuss the general performance
of VON-m using all six datasets (as shown in Fig. 5),
and then the image ordering performance using the image
datasets against specialized algorithms (as shown in Fig. 6).
Note that we use performance improvement percentages for
comparison instead of the original metric values, because
the original values may vary substantially in magnitude.

Overall performance using all datasets. For the general
ordering scenario, VON-m outperforms the baselines in all
the 120 pairs of comparisons, with all the improvement
percentages being positive in Fig. 5. Even for individual
datasets, VON-m improves the baselines in 629/630 sets of
experiments. The only exception is found in the Fashion-
MNIST dataset, where the TSP distance of NN in 150r
sampling is 0.29% smaller than VON-m, as shown in Fig. 4
in Appendix C. This shows that VON-m delivers stable per-
formance across datasets, metrics, and sampling strategies
in general ordering tasks.

Improvement for different metrics. We �nd that the
pattern of performance improvement for different metrics
varies across baselines. AM and SA share a similar pattern,
where the improvement in TSP is large and the improve-
ment in stress is small. Since stress considers all pairwise
distances, we expect it to be less sensitive to the order

of points, leading to smaller improvement. However, we
observe an opposite trend for NN. This indicates that the
nearest neighbor heuristic excels in planning linear routes,
but falls short in providing a global picture needed to
match the complete graph structure of stress. Note that
stress majorization produces the largest stress as it does not
explicitly take the order into consideration.

Improvement for different sampling strategies. For the
learning-based approach (AM), the performance gaps in
global samples are larger than the gaps in local samples for
all three metrics. This indicates the lack of generalizability
across scales in AM. For the conventional approaches (SA
and NN) without the learning procedure, their performance
across scales relies on the metric. For Moran's I and TSP, the
improvement over these two approaches in global samples
is larger than that in local samples; for stress, the trend is
the opposite. Since SA and NN do not depend on data
distribution, this may indicate that it is easier to solve
Moran's I and TSP locally, while it is easier to solve stress
globally.

Improvement for different sample sizes. Because
VON-m is trained on 50mix, we expect a decrease in its
performance when the number of samples increases from
50 to 100 and 150. This may further lead to a decrease
in performance improvement. For the learning-based ap-
proaches (AM and VON-m), their performance becomes
similar when less knowledge can be leveraged from the
training data. For the conventional approaches (SA and
NN), as their performance does not rely on the training data,
the performance gap between these approaches and VON-m
may shrink as well. In Fig. 5, while observing this decrease
in most cases, two exceptions (AM for TSP and SA for TSP)
are found. While the behavior of AM may still be attributed
to the transferability, we suspect that the pairwise swapping
strategy of SA may be less effective in solving a linear route
problem when the number of points increases.

Performance in image ordering. For image ordering,
VON-m outperforms 38/48 pairs of comparison against
specialized algorithms on their respective metrics, as shown
in Fig. 6. It performs better than FLAS and IsoMatch in every
setting, and LAS in most settings except for 50r and 150r.
Using the KS objective function, VON-m outperforms KS in
the four cases with a sampling size of 50, but loses in the
other cases. The performance gap becomes larger when the
size increases from 100 to 150. As VON-m is trained on the
sample size of 50, the performance loss may be due to the
difference between the testing data and the training data. We
suspect that the ordering strategy should be adjusted when
dealing with different distributions for certain metrics. In
this case, we recommend collecting training data from users
to better align the training and testing data.

Findings. The extensive experiments demonstrate the
strong impact of the complicated connections between the
algorithm design, data distributions, and problem struc-
tures. This highlights the importance of transferability
across scales and metrics, which is unavailable in existing
learning-based approaches. For the general ordering tasks,
we should note that the performance gap between AM
and other approaches mainly originates from the diverse
data distributions. For the main distribution (50g) in the
training data, AM outperforms the other three baselines in



IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS 9

Fig. 5. Average performance improvement of VON over AM, SA, NN, and SM for three metrics, using the MNIST, Fashion-MNIST, CIFAR-10, DBLP,
Cora, and ImageNet datasets. All dataset is experimented with three sampling strategies: global, nearest neighbor (local-`n'), and radius-based
(local-`r'). The �rst three datasets with labels are further examined with the label-based (local-`l') sampling. The experiment of each dataset is
conducted over 100 sets of samples.

Fig. 6. Average performance improvement of VON over LAS, FLAS,
IsoMatch, and KS using the MNIST, Fashion-MNIST, CIFAR-10, and
ImageNet datasets. Each dataset is experimented with four sampling
strategies: global, nearest neighbor (local-`n'), radius-based (local-`r'),
and label-based (local-`l') sampling. The experiment of each dataset is
conducted on 100 sets of samples. Each specialized method uses its
own applicable metric: LAS/FLAS uses DPQ, IsoMatch uses Energy
Value, and KS uses its own objective function.

6 out of 7 cases, except SA for Moran's I. However, when
the testing data deviates from the main pattern in training
data, AM's performance quickly decreases. In contrast, VON
achieves better generalizability, as evidenced by the performance
improvement over generic approaches in every case, and over
specialized algorithms in a considerable portion of cases (38/48)
for image ordering.

More importantly, the performance variation across sce-
narios infers the dif�culty in selecting an appropriate solver
for a given scenario. This either involves the prohibitive
trial-and-error effort to examine multiple ordering tech-
niques or requires the chosen technique to generate better
results in all cases. In light of this observation, we emphasize
the importance of worst case performance. In our experi-
ments, every baseline may deliver the worst performance
among all approaches in certain scenarios, e.g., AM for TSP
with local samples, SA for TSP with global samples, and NN
in stress with local-`nn' samples. Additionally, when consid-
ering the worst cases for individual datasets, every baseline
has at least a 50% performance gap compared to VON, as
shown in Fig. 4. In contrast, VON is at least comparable to
the baselines in the worst cases for general ordering tasks,
and it outperforms the image ordering algorithms in a large
portion of cases (38/48). This renders it to be a reasonable choice

in most scenarios without exhaustive examination.However,
the performance gap between VON-m and KS, when the
sampling size deviates from training data, also emphasizes
that we should keep the training data as close to the real
scenario as possible.

4.3.2 Qualitative case study

In Fig. 7, we qualitatively compare the ordering results of
VON-m and three other approaches using 50 randomly
selected images from the CIFAR-10 and Fashion-MNIST
datasets, respectively. The quality of the order can be vi-
sually assessed from the ordered images, where effective
approaches should place similar items close to each other.

For Fashion-MNIST, the difference in ordering quality
is easier to perceive. We �nd that VON-m, AM, and NN
produce better results, clearly dividing clothes, bags, and
shoes into three groups; SA is less pronounced, as the items
of different categories often appear in a mixed order.

For CIFAR-10, the quality is somewhat dif�cult to vi-
sually evaluate in general methods, as the similarity may
be de�ned in multiple dimensions (e.g., color and content).
We can still observe a clear pattern from the results of
VON-m and NN. For example, VON-m seems to place
images with green background in the �rst row, images with
sky background in the second and third row, and images
with animals in the two bottom rows; similarly, NN tends to
place images with sky in the second and third row, vehicles
in the third row, and animals in the last row. The visual
assessment is in line with the quantitative results, where
VON-m and NN excel in solving TSP.

However, we should note that the visual assessment in-
corporates both the similarity measure and ordering quality.
For this paper focusing on generic solver, we still mainly
rely on the quantitative results. For more results regarding
other metrics, please refer to Appendix C.II.

4.4 Performance for Ordering in Static Scenario

For the static scenario, we study two typical applications:
matrix reordering and axes reordering. In these applications,
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Fig. 7. Comparison of image ordering results using TSP as the quality metric. The �rst row shows the results using CIFAR-10 dataset and the
second row shows those using Fashion-MNIST. The four columns show the results of SA, VON-m, AM, and NN from left to right, respectively.

TABLE 3
Axes reordering performance of VON-m, AM, SA, RS using Coal

Disaster, Cars, AAUP, and Census Income datasets. The star plot is
assessed with the symmetry quality metric [64], and the parallel

coordinate is assessed with correlation [75].

Coal Cars (7) AAUP (14) Census
Disaster (5) Income (42)

VON-m 0.0743 0.2166 0.1321 0.2484

star AM 0.0743 0.2285 0.1492 0.2602
plot SA 0.0743 0.2166 0.1539 0.2641

RS 0.0743 0.2166 0.1482 0.2603

VON-m 0.0244 0.3593 0.4516 0.0789

parallel AM 0.0264 0.3714 0.4664 0.0843
coordinate SA 0.0244 0.3749 0.4500 0.0808

RS 0.0244 0.3754 0.4569 0.0839

the data points (i.e., axes or matrix rows/columns) do not
change dynamically.

4.4.1 Performance on axes reordering

We compare VON-m against AM, SA, and random swap-
ping [64] in reordering the axes of star plots and parallel
coordinates. We experiment with four datasets that are
commonly used in axes reordering [64]: the Coal Disaster
dataset with 5 attributes, Cars with 7 attributes, AAUP with
14 attributes, and Census Income with 42 attributes.

Quantitative result. We used symmetry [64] as the qual-
ity metric for star plot axes reordering, and correlation [75]
for parallel coordinate reordering. Note that we transform
the metric for consistency, so that smaller values indicate
better performance. Table 3 shows that, for the datasets
with smaller numbers of axes (Coal Disaster and Cars), most
approaches can identify the optimal solutions. This leads to
identical metric values, i.e., 0.0743 in Coal Disaster, 0.2166 in
Cars for star plots, and 0.0244 in Coal Disaster for parallel
coordinates. However, when the number of axes increases,
the solution space grows factorially and it becomes pro-
hibitive to search the entire space for the optimal solution.
For Census Income with 42 axes, we can observe larger gaps
between VON-m and other approaches. Overall, VON-m
performs the best in 7/8 cases. The only exception is the
parallel coordinates reordering using AAUP, where VON-m
ranks second (0.4516) right after SA (0.4500).

Qualitative study. Fig. 8 shows the axes reordering re-
sults for parallel coordinates, using AAUP and Cars datasets
as examples. The visual quality seems to be more closely
related to the nature of data rather than the approach used.
We can see stronger correlations between neighboring axes
in AAUP than those in Cars. Unlike SA and RS, which rely
on randomness to explore the solution space, VON-m and
AM seem to learn different ordering strategies. AM tends
to place the axes with discrete values in the middle, leading
to distracting structures. In contrast, VON-m tends to place
the discrete axes at the two ends, showing a clearer pattern. Note
that SA achieves better results in AAUP, but its visualization
may not demonstrate clear advantages.

4.4.2 Performance on matrix reordering

In this section, we examine the performance of VON in
matrix reordering. We use the FLT dataset and Moran's I
for comparison in the dynamic graph setting as [76]. In
this setting, VON orders the rows and columns in multiple
matrices simultaneously, guided by the average Moran's
I overall matrices. Note that in graph data, nodes may
not associate with coordinates and embedding approaches
may be used to generate the coordinates. We will study
the impact of embedding approaches in Section 5. In this
experiment, we average the adjacency matrices of graphs at
individual steps to produce the initial coordinates.

Quantitative results. Fig. 10 shows the distribution of
Moran's I at individual steps for each approach. The cyan
dashed lines indicate the average Moran's I, which is used
to evaluate the overall quality for dynamic graphs [76].
In terms of the average, VON-m (0.399) outperforms the
other generic approaches, namely, AM (0.229), NN (0.105),
and SA (0.090), by a large margin. Compared with the
specialized algorithms, VON-m clearly outperforms U-BC
(0.143) and C-BC (0.236) and delivers similar performance
as the SOTA approaches, i.e., C-LO-� I (0.433) and U-LO-� I
(0.419). This shows the overall effectiveness of VON-m to
solve the simultaneous reordering problem. In terms of the
minimum of Moran's I (i.e., the quality of the worst matrix),
VON-m (0.191), C-LO-� I (0.193), and U-LO-� I (0.119) are
the only three approaches that are able to maintain positive
minimums. This shows their ability to produce stable results
for individual graphs.
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